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Abstract
In 1984, Robin showed that the Riemann Hypothesis is equivalent to demonstrating
σ(n) < eγn log log n for all n > 5040. Robin’s inequality has since been proven for var-
ious infinite families of power-free integers: 5-free integers, 7-free integers, and 11-free
integers. Using the most recent bounds available, we demonstrate that the inequality
in fact holds for 16-free integers greater than 5040. However, this method pales in com-
parison to direct computation, which shows that Robin’s inequality holds for 25-free
integers greater than 5040.
In 1984, Robin gave an equivalent statement of the Riemann Hypothesis involving the
divisors of integers.
Theorem 1 (Robin [Rob84]). The Riemann Hypothesis is true if and only if for all n > 5040,
σ(n) < eγn log logn, (RI)
where σ(n) is the sum of divisors function and γ is the Euler–Mascheroni constant.
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Since then, (RI) has become known as Robin’s inequality. There are twenty-six known
counterexamples to (RI), of which 5040 is the largest [CNS11].
Robin’s inequality has been proven for various infinite families of integers, in particular
the t-free integers. Recall that n is called t-free if n is not divisible by the tth power of
any prime number. In 2007, Choie, Lichiardopol, Moree, and Sole´ [CLMS07] showed that
(RI) holds for all 5-free integers greater than 5040. Then, in 2012, Planat and Sole´ [SP12]
improved this result to (RI) for 7-free integers greater than 5040, which was followed by
Broughan and Trudgian [BT15] with (RI) for 11-free integers greater than 5040 in 2015. By
updating Broughan and Trudgian’s work, we prove our first main theorem.
Theorem 6. Robin’s inequality holds for 16-free integers greater than 5040.
The proof rests on Briggs’ work [Bri06] on the colossally abundant numbers, which implies
(RI) for 5040 < n ≤ 10(1010). We present an extension of Briggs’ computation using an
interval arithmetic implementation of his algorithm:
Theorem 5. Robin’s inequality holds for all 5040 < n ≤ 10(1013.099).
In doing so, we also have the opportunity for explicit calculation of (RI) on the primorial
numbers. This greatly improves our analytic result.
Theorem 7. Robin’s inequality holds for 25-free integers greater than 5040.
Since there are no 26-full integers less than 5041, we may give a cleaner statement Robin’s
theorem.
Corollary 1. The Riemann Hypothesis is true if and only if (RI) holds for all integers
which are divisible by the 26th power of some prime number.
1 A bound for t-free integers
Planat and Sole´ [SP12] introduced the generalized Dedekind Ψ function
Ψt(n) := n
∏
p|n
(1 + p−1 + · · ·+ p−(t−1)) = n
∏
p|n
1− p−t
1− p−1 . (1)
Since
σ(n) = n
∏
pa||n
(1 + p−1 + · · ·+ p−a),
we see that σ(n) ≤ Ψt(n), provided that n is t-free. Thus, we study the function
Rt(n) :=
Ψt(n)
n log log n
. (2)
It is sufficient to consider Rt only at the primorial numbers Nn =
∏n
k=1 pk where pk is the
kth prime.
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Lemma 1 (Sole´, Planat [SP12]). Let n ≥ 2. For m in the interval [Nn, Nn+1], we have
Rt(m) ≤ Rt(Nn+1).
Compare this to the role of colossally abundant numbers in (RI) by Robin [Rob84]. Using
equation (2) of Broughan and Trudgian [BT15], we have for g ≥ 2
Rt(Nn) =
Nn
∏
p≤pn
1−p−t
1−p−1
Nn log logNn
=
∏
p>pn
(1− p−t)−1
ζ(t) log logNn
∏
p≤pn
(1− p−1)−1. (3)
In Section 2, we construct a bound Rt(Nn) ≤ eγgt(n) which is decreasing in n. If we take
n1(t) to be the least integer so that gt(n1) < 1, we have
σ(n)
n log log n
≤ Rt(Nn1(t)) ≤ eγg1(n1) < eγ,
for t-free n ≥ Nn1(t).
Alternatively, we see that (3) is decreasing in n by examination of the product
∏
p>pn
(
1− 1
pt − 1
) ∏
p≤pn
(
1− 1
p− 1
)
.
For fixed t, it then suffices to calculate the primorial numbers in increasing order until we
have Rt(Nn1(t)) ≤ eγ. In either case, we use Theorem 5 to verify (RI) for t-free n < Nn1(t).
2 Bounding Rt(Nn)
Broughan and Trudgian [BT15] use the following bound for the denominator of Rt(Nn).
Lemma 2 (Broughan, Trudgian [BT15]).
n
(
log n+ log logn− 1 + log logn− 2.1454
log n
)
≤ logNn
≤ n
(
logn+ log log n− 1 + log log n− 2
log n
)
.
Since logNn can be written in terms of the Chebyshev ϑ function,
ϑ(x) :=
∑
p≤x
log p, (4)
we could instead apply Bu¨the’s partial Riemann Hypothesis bound.
3
Theorem 2 (Bu¨the [B1¨6]). Let H be the height to which the Riemann Hypothesis has been
verified. If 4.92
√
x/ log x ≤ H, then
|ϑ(x)− x| ≤
√
x log2 x
8π
.
For our purposes, Platt’s verification [Pla17] of the Riemann Hypothesis for ℑs ≤ 3.06×1010
is sufficient. We bound the nth prime number using Propositions 5.15 and 5.16 of Dusart
[Dus18].
Lemma 3 (Dusart [Dus18]). For n ≥ 688 383,
n
(
logn + log log n− 1 + log log n− 2.1
log n
)
≤ pn
≤ n
(
log n+ log logn− 1 + log logn− 2
logn
)
.
For the numerator of Rt(Nn), we quote Lemma 2 of Sole´ and Planat [SP12].
Lemma 4 (Sole´ and Planat [SP12]). For n ≥ 2,
∏
p>pn
1
1− p−t ≤ exp(2/pn).
We also require a modification of Theorem 5.9 from Dusart [Dus18].
Lemma 5. For x ≥ 7 713 133 853,
∏
p≤x
p
p− 1 ≤ e
γ log x
(
1 +
0.006
log2 x
)
.
Proof of Lemma 5. By Theorem 4.2 [Dus18], we have
|ϑ(x)− x| ≤ 0.01 x
log2 x
for x ≥ 7 713 133 853. By taking k = 2 and η2 = 0.01 in the proof of Theorem 5.9 [Dus18],
we have
∏
p≤x
p
p− 1 ≤ e
γ log x exp
(
0.01
2 log2 x
+
4
3
· 0.01
log3 x
)
≤ eγ log x exp
(
0.01
log2 x
(
1
2
+
4
3
· 1
log 7713133853
))
≤ eγ log x
(
1 +
exp
(
0.01
(
1
2
+ 4
3
· 1
log 7713133853
))− 1
log2 x
)
≤ eγ log x
(
1 +
0.006
log2 x
)
.
(5)
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t n1(t) log10 log10Nn1(t)
16 4 118 427 007 ≤ 10.638
17 1 296 930 010 340 ≤ 13.232
18 35 725 548 339 260 624 ≤ 17.801
19 208 094 200 660 024 776 169 459 ≤ 24.710
20 852 646 005 202 732 106 210 770 878 667 571 ≤ 34.467
Table 1: Computed values of n1(t) and upper bounds onNn1(t) using Theorem 3 and Theorem
2, respectively.
Since p355 231 136 = 7 714 030 921, we now have
Theorem 3. For t ≥ 2 and n ≥ 355 231 136 such that 4.92
√
pn/ log pn ≤ 3.06× 1010,
Rt(Nn) ≤ eγgt(n),
where
gt(n) =
exp(2/pn) log pn
(
1 + 0.006
log2 pn
)
ζ(t) logmax
{
pn −
√
pn log2 pn
8π
, n
(
log n+ log logn− 1 + log logn−2.1454
logn
)} (6)
In practice, our desire for Nn1(t) ≤ 10(1013.099) becomes the limiting factor long before we
reach 4.92
√
pn/ log pn > 3.06× 1010.
3 Analytic Bounds
We now compute n1(t) using (6) as an upper bound on Rt(Nn)/e
γ . This computation was run
in Sage on a single core 3.40 GHz processor, taking approximately 2 seconds. The relevant
code is available at https://github.com/tsmorrill/t-free-Robin-s-inequality.
Theorem 4. Robin’s inequality holds for t-free integers greater than Nn1(t), where n1(t) is
given in Table 1.
It remains to check Robin’s inequality for n on the interval [5041, Nn1(t)]. Robin [Rob84]
showed that if (RI) holds for consecutive colossally abundant numbers N < M , then (RI)
holds on the interval [N,M ]. Recall, an integer N is called colossally abundant if for some
ǫ > 0 we have
σ(k)
k1+ǫ
≤ σ(N)
N1+ǫ
for all k > 1.
Following the method of Briggs [Bri06], we generate the colossally abundant numbers in
increasing order up to 10(10
13.099) and verify (RI) on these numbers by direct computation. It
follows that (RI) holds for all integers 5040 < n ≤ 10(1013.099). This computation took three
weeks to execute on a single core processor. We state this result as Theorem 5.
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ǫ n1(12, ǫ) log10 log10Nn1(12)
0 35 392 5.26
0.001 37 736 5.29
0.01 80 668 5.65
0.02 513 605 6.52
0.024 15 169 078 8.08
0.025 > 130 000 001 > 9.07
Table 2: Values of n1(12, ǫ) so that R12(Nn1(12,ǫ)) < (1 + ǫ)e
γ . Computation was manually
terminated before completion for ǫ = 0.025.
Theorem 5. Robin’s inequality holds for all 5040 < n ≤ 10(1013.099).
Theorem 6 then follows directly from Theorem 4 and Theorem 5.
Theorem 6. Robin’s inequality holds for 16-free integers greater than 5040.
One could instead compute Rt(Nn) explicitly, as data of the primes and their logarithms
is already required by Brigg’s algorithm. We calculate that R25(N177 244 758 016) < 1 − 10−16
with N177 244 758 016 < 10
1013.099 , from which we obtain Theorem 7.
Theorem 7. Robin’s inequality holds for 25-free integers greater than 5040.
4 Conclusion
The gap between Theorem 6 and Theorem 7 is somewhat surprising. This suggests that the
approximation of Rt(Nn) by e
γgt(n) is extremely sensitive to error. To model this behavior,
we take n1(t, ǫ) to be the smallest n so that Rt(Nn) < (1+ǫ)e
γ . Computed values of n1(12, ǫ)
are shown in Table 2.
As noted by Broughan and Trudgian [BT15], there is little progress to be made optimising
Lemma 4. There is a trade off Lemma 5 which ultimately comes down to the parameters ηk
and k in (7). One could apply Bu¨the’s bound for ϑ(x) to obtain ηk and k such that
|ϑ(x)− x| ≤ ηk x
logk x
, (7)
but Theorem 4.2 of Dusart [Dus18] gives better results for n ≈ 7 × 1010, where the im-
provement is needed. As we improve Theorem 5, we may appeal to larger values of k at
the expense of ηk. However, successes on this front will go hand in hand with better com-
putation of Rt(Nn). With the magnitude of the quantities involved, we find that significant
improvement in the theory of prime numbers is needed for analytic bounds on Rt(Nn) to
approach the efficacy of direct computation.
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